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Abstract 

We show that every closed symplectic four-dimensional manifold 
(M, io) admits an almost Kahler metric of negative scalar curvature 
compatible with uj. 



1 Introduction 

In Riemannian geometry an interesting problem related to a curvature is 
whether every smooth manifold of dimension bigger than 2 admits a metric 
with the curvature negative. Lohkamp's beautiful argument in resolved 
this for the Ricci curvature case, while the relatively simpler case of scalar 
curvature had been understood earlier, see |21 Chap. 4]. 

Meanwhile, the extensive study on symplectic manifolds in the last decades 
has broadened the knowledge on the field and supplied large families of closed 
symplectic manifolds [HI Ej . Therefore the study of Riemannian metrics com- 
patible to a symplectic structure, so-called almost Kahler metrics, re-emerges 
as an interesting and promising subject. Remarkably, the study of almost 
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Kahler metrics in Riemannian geometry has a long history, from the works 
of 1960's or earlier ^3] to recent works in several directions 05 0, 01], etc.. 

Motivated by this, in this paper we study the existence of negative scalar- 
curved almost Kahler metrics on a symplectic manifold. In the general Rie- 
mannian metric case afore-mentioned, the main argument dealing with scalar 
curvature was to use a conformal deformation. For almost Kahler metrics the 
latter can not be used because it does not preserve the symplectic structure. 
So even the scalar curvature question does not seem trivial in almost Kahler 
case. 

Our argument is based on the Lohkamp's framework in [T^ and in its 
course there were two main ingredients to proving the following main theorem 
in this paper; 

Theorem 1 Every closed symplectic four- dimensional manifold {M, uj) ad- 
mits an uj-compatible almost Kahler metric of negative scalar curvature. 

The first ingredient is to find an almost Kahler island metric, i.e. an 
almost Kahler metric on which has the scalar curvature negative on a 
pre-compact open subset and is Euclidean outside of its closure. 

The second one is to find an almost Kahler deformation to decrease the 
scalar curvature outside copies of the island metrics which are embedded into 
the (enlarged) almost Kahler manifold by a metric surgery. This deformation 
corresponds to the conformal deformation fT^l p. 669] of Lohkamp's. 

As our almost Kahler deformation completely avoids any conformal defor- 
mation, it brings about new technical problems. One remarkable difference 
from Lohkamp's argument is that all the metrics involved, including the is- 
land metrics, should be locally close to Euclidean metrics. It is because 
we resorted to specific local orthonormal frame fields {uji} in defining the 
deformation, and these fields are manageable if the metrics are close to Eu- 
clidean ones. This technical aspect is the reason why we restricted to real 
4-dimension in this article, though we believe the higher dimensional case 
should be provable by some modification. 

One may view the sort of result like Theorem ^ as indicating that the 
space of almost Kahler metrics on a symplectic manifold may be big enough 
to contain rich geometric features. And one may speculate on any implication 
of almost Kahler geometry to the topology of symplectic manifolds. 
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The paper is organized as follows. In section 2 we provide preliminaries for 

almost Kahler metrics, an estimate for injectivity radius and the Besicovitch 
covering. In section 3 we describe the local orthonormal frame fields {ui} of 
almost Kahler metrics which are close to Euclidean metrics. In section 4 we 
explain the almost Kahler deformation depending on {ui} which decreases 
the scalar curvature away from a compact set. In section 5 we describe an 
island metric and modify it with the result of section 4. In section 6 we do 
a surgery of embedding many copies of metrics of section 5 into the given 
almost Kahler manifold. In section 7 we apply the deformation of the section 
4 to the resulting manifold of section 6 and prove the main theorem. There is 
Appendix which proves some estimates on {ui} and derives a scalar curvature 
formula. 

Acknowledgement. The author would like to thank Yutae Kang for 
many helpful discussions on this work and thank the referee for his sugges- 
tions which made this paper more readable. 

2 Preliminaries 

In this section we explain definitions and formulas which will be needed in 
later sections. 

An almost-Kdhler metric is a Riemannian metric g compatible with a 
symplectic structure u on a smooth manifold, i.e. uj{x,y) = g{Jx,y) for an 
almost complex structure J, where x, y are tangent vectors at a point of the 
manifold. We often denote it by the triple {g,uj, J) or the couple {g,uj) to 
specify what a; or J is. Notice that any one of the pairs {g,uj), {uj,J), or {g, J) 
determines the other two. For a fixed uj, we shall call a metric g a;-almost 
Kahler if g is compatible with u and denote by the set of all smooth 
cij-almost Kahler metrics. An almost-Kahler metric {g,u}, J) is Kahler if and 
only if J is integrable. 

An almost complex structure J gives rise to a type decomposition of any 
symmetric (2,0)-tensor h which can be written as h = h'^ -\- h~ , where /i+ and 
h~ are symmetric 2-tensors defined by h^{x, y) = y) + h{Jx, Jy)} and 

h~{x,y) = ^{h{x,y) — h{Jx, Jy)} for two vectors x and y tangent to M. A 
symmetric (2,0)-tensor h is called J -invariant or J -anti-invariant \i h — h^ 
or h — h" respectively. 

The set is naturally an infinite dimensional Frechet manifold. For a 
smooth curve gt in VL^ with the corresponding curve Jt of almost complex 
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structures, h = ^\t=o is Jo-anti-invariant. Conversely, for g in ^l^ with 
the corresponding J, any J-anti-invariant symmetric (2,0)-tensor field h is 
tangent to a smooth curve in More precisely, 1 1— ge^^ is such a smooth 
curve in fi^, where ge'^* is defined by ge'^*{x,y) = g{x,e^^ ^^^y), i-e. 

ge'\x, y) = g{x, y) + g{x, ^^(^I^M), (i) 

fc=i 

where g~^h is the lifted (1, l)-tensor of h with respect to g. Given g (z Vt^^ 
with corresponding J, any other metric g in fi^^ can be expressed as 

~g = ge\ (2) 

where h is a. J-anti-invariant symmetric (2, 0)-tensor field uniquely deter- 
mined. See PI for details. 

We recall local lower bound estimates on the injectivity radius of a manifold. 
For p in a complete Riemannian manifold {N,g), let Ip denote the length of 
the shortest geodesic loop based at p. If the sectional curvature Kjy < Is? on 
B^{p), the open geodesic ball of radius r centered at p w.r.t. g, and r < |/p, 
then the injectivity radius injg(p) of {N,g) at p satisfies injg(p) > min(r, ^) 
by an estimate of Klingenberg ^T] Lemma 1] and the fact that if a point q 
is conjugate to p then their distance d{p, q) > , [4, p. 30]. 

Now suppose K]\f < on B-j.{p), where r < ^. Choose any numbers tq 
and s such that tq + 2s < tq < ^. Then one has the estimate due to 
Cheeger-Gromov- Taylor Theorem 4.3] 

lv>ro[l+'^V. (3) 



vl{p) 



where {p) is the (7- volume of i?f {p) and t^^o+s is the volume of the geodesic 
ball of radius ro + s in the space form of constant curvature —A. 

Next we recall the Besicovitch covering ^21 Prop 4.4]; 

Lemma 1 Let (M, h) he a Riemannian manifold with the injectivity radius 
injjj > 100 and the sectional curvature \Kh\ < 1. Then there are constants 
K G Z-^^ and > 1 depending only on the dimension of M such that 

(i) For each m > mo there is a set A = A{m) C M with ^^2/1(0., b) > 5 
for a ^ b, a,b & A{m). 
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(ii) ^(m) = {B^'^^{a)\ a e A{m)} is a (closed) covering of M and splits 
into K disjoint families Bj with B^^''(a)nB^^''(b) = (/> if Bf^{a) and Bf^{h) 
belong to the same Bj. 

We shall use the following notation. When /i is a tensor field on a domain 
V, we denote the norm of h with respect to a metric g on V hy \\h\\ck(yy 
Or sometimes we express it by writing on F". Here ||/i||c*^(y) = 

Z^iLo and Vg is the Levi-Civita connection of g. 

3 Almost-Kahler metrics which are close to 
Euchdean metrics 

We start with a Euclidean metric qq on R'^ or an open subset VL. We assume 
that there exists a point p in Vl and that B^^^i{p), the open (70-ball centered 
at p with radius 10*^, is in Vt. Now suppose that there is another Riemannian 
metric g onVL and Hfi^ — 5'o||co {b^° (p)) — where e is a small positive number, 
say e < lO^l 

For another point q e B^°4^{p) and a minimal geodesic 7^0 (t) of go con- 
necting 7go(0) = p, 7go(io) = q, we have 



where dg{p, •) and dgQ{p, ■) are the distance functions from p induced by g 
and go, respectively. To prove the inequality in the opposite direction, we 
first show Bgggg{p) C B^^^^p). Lct's consider a ^r-geodesic j{t) with 7(0) = p 
and |7'(t)|g = 1. For a small number 6 with < 5 ^ e, let ti > be the first 
positive value of t such that j{t) is on the boundary of i?^Q4_^(p). Then 



10'-6 = dg,{p,j{tl)) < ^ ' W{s)\g,dS < ^^=^1' Wis)\gdS 

As 9999 < (10^ - 5)VT^ < ti, this implies Blggg{p) c B^^^^ip). Now 
for q G Bgggglp) aud a minimal geodesic 7p(t) of g connecting 7g(0) = p, 
Igih) = q, we have 

dg{p,q)= \%{s)\gds> Wg{s)\gods > Vl - e ■ dg^ip, q). 

Jo Jo 
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In sum we proved; 

Lemma 2 Suppose that a Euclidean metric go and a Riemannian metric g 
on Bf^^{p) C satisfies \\g - 5'o|Ico„(b^^»4(p)) < ^ < 10"^ Then, Bl^^g{p) C 
B^i{p) and for any q G Bgggg{p), we have 

Vl-e ■ dg,, {p,q) < dg{p,q) < Vl + e ■dg„{p,q). (4) 

One can prove the following lemma from Q and (jH). We omit the detail 
of the proof which is straightforward. 

Lemma 3 There exists Ai < 10~^ such that if \\g — go\\c^ — 
g has the injectivity radius at p, inj (p) > 200. 



Consider the symplectic structure u> = dxi A dx2 + dx^ A dx^ on M"^ = 
{{xi,X2,X3,X4)\ Xi G M} together with the compatible Euclidean metric 
(7o = Ylt=i ® '^^i (almost) complex structure Jq. We shall 

deform an cu-almost Kahler metric g on Q containing Bf^^lp), satisfying 
Wd ~ doWc'- (B^^^ip)) — ^ < 10""^, where / > 4 and e is a positive num- 
ber to be determined later. The Euclidean metric (W^, go,u>, Jq) has an 
orthonormal co-frame field a;^ = drg^, u>2 = Jo{drgg) = rg^ai, = rg^^(T2-i 



4 = ?^go^3 = -^0(^3), where rg^{-) = dg^{p,-) and (Xi, (72,0-3 is the canoni- 
cal orthonormal co-frame field of the standard metric on 5'^ which satisfy 
dai = 2o"2 A (73, da2 = 2(T3 A ai and da^ = 2ai A a2- We shall find an or- 
thonormal CO- frame field of g near p: Ui, i = 1,2,3,4 which are close to u^. 
On a ball BfQf^{p) — {p} C Bf^-^^^p) we define formally 



9/' 



ui = drg, UJ2 = Jg{dr. 

where rg{-) = dg{p,-) and Jg is the almost complex structure determined by 
u and g. We need the following proposition on some properties of {ui} whose 
proof is postponed to the Appendix; 

Proposition 1 There exist X2 with < A2 < Ai and a positive constant C 
such that if \\g — goWc'- < A < A2 on B^Q4,{p) C W^, where I is an integer 
A < I < 2k + A and k is the constant (in dimension four) of the Besicovitch 
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covering LemmaUi then uji,uj2,ujs, uj^ in the formula are well defined and 
satisfy on Bf^Qip) - {p}; 

II (V^")^-^. - (V^°)^-a;°||co^ < /or J = 0, 1, 2. (6) 

where is the Levi-Civita connection of qq. 

For the above metric g = Ylt=i^i ® ^« ^i2oiP)^ consider the connection 
1-forms Uij w.r.t. the co-frame Uii dui = J2j=i^ij ^ '^ji with Uij = —Uji. 

Writing as = Yfk=i '^ijk ■ ^k, we get dui = X]j<fc(^ifci ~ o,ijk)i^j A Uk- 
So we get 2aijk = {duJk,uJi A ujj)g — {duji^ujj A uJk)g — {dujj,uJk A uJi)g, where 
(■, ■)g is the naturally induced metric on the space of 2-forms from g. 

For the Euclidean metric (M^, ^tq, uj^ Jq) with the above co-frame {w^}, the 
ajjfc's are all zero except 



(^122 — Cll33 — tll44 — —0-212 — ^^IS — ^^414 — 
0^234 = 0342 = ^423 = —0324 = —0432 = —0243 = 

^90 



(7) 



For later we need the following estimate. 



Lemma 4 There exists A3 with A3 < A2 such that if \\g — goWc^ < A3 on 
5^04 (p) C M^, then for i,j, kj = 1, 2, 3, 4, the aijk of the u>i 's in the formula 
(0) satisfy: 

2 2 

\aijk\ < —, \aijk,i\ < — on Bf^Q^p) - {p}, 
'^9 ^9 

where aij^j is defined in the formula d{aijk) = Yld=i'^ijk,i'-^i- 

Proof: One needs a straightforward computation: show \{duJi,ujj A ujk)g — 
(dcuO,a;OAa;0)3| < sssgakA ^^^^ p_ r^^^^ ^^^^ ^ l{{duJk,uJiAUj)g-{duJi,ujjA 

Uk)g - {dujj,Uk A uj.;)g) satisfies \aijk - a°.^| < From O, |ayfc| < ^ 

follows. One can do similarly for \aijk,i\- 



4 Scalar curvature diffusion 

We shall perturb locally an almost Kahler metric g which satisfies the hy- 
pothesis of Lemma Eland is written as g = J2t=i'^i ® -^looW ~ {p}^ 
where ajj's are as defined in (0). 
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We use the functions of G C°°(M,M^°) for d, s > by fd,s = 

s ■ exp(-f ) on M>° and /d,^ = on M^°. Also choose an h e C°°(M, [0, 1]) 
with /i = on /i = 1 on and = - b)), 6 > 0, e > 0. 
Now we define a perturbed metric for 6 + e < c < 9 ; 

+ (g) + 0^4 ® t^4. (8) 

Then S'^'^''^ is a smooth tu-almost Kahler metric on Bl^4^{p). We get 

Lemma 5 Suppose that an uj-almost Kahler metric g on a domain ^2 C 
satisfies \\g — f^ollci (b^o (p^) < A3 where B^^^^ij)) C f2 anc? / is an integer 
A < I <2k + A. For each a,b,e,c> such that 9>c>b + e>b>a>0, 
consider the orthonormal co-frame Ui as defined in © and define s^^'g^ on 
-8^04 (p) as in (jHl). Then the following statements hold; 

(i) For each D > 0, there is a constant a = a{b, e, c, D) such that for d > D 
and s e (0, 1], Wg^j'f - g\\c'-^^Biyp)) < s ■ a, 

(ii) For each e > there exists a d = d{e, c) such that for every d > d{e, c) 
and each s G (0, 1], - g\\^i-2^^,o^^p^^ < e holds. 



Proof. We apply the estimates © to 

which has support m c — b — e < r g < c. The computation is elementary and 
we omit it. Here one may use \\iy^°y drg,^\\ci^ < £2^ta£t^ for < j < / - 2; 

see the formula (jH^ in the Appendix. 



»0 'SO 



Note that A3 is a constant already determined, so in the statement of 
Lemma El we do not specify the dependence of a or d on A3. 

For the metric g^^'^f, we compute its scalar curvature using the orthonor- 
mal co-frame field aJi = , ."^^ , u)2 = v^l + /t^ • /d,s(c - r^) ■ U2, 

ids = UJ3 and U4 = U4 and the formula duJi = X]j=i ^ij ^ ^j- 
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Setting Y = Y{rg) = h'l{c — Vg) ■ fd,s{c — Vg), the scalar curvature of g^f is 
computed as follows, see Appendix for details: 



^i9dT) =-¥"-¥'■ (3ai22 + 2ai33 + 20144) - ^{Y + l){J2{a,u,i + 

i=2 

+ '^134 + '^1220133 + 01220^144 + 01330144 + -(0243 ~ ^234)^} 

9 1 

" ,2.2 



Y I {^233,2 + ^244,2 + ^^233 + '^244 + '3'233Q'244 + ^('^243 + ^234) } 

1 4 

2 $^{^a2.i -{Y + 2)a2uy + /q, (9) 



i=3 



1 2 2 2 2 

where — =0232,3 + 0.242,4 + 0343,4 + 0434,3 — O232 — 0242 — O343 — 0434 + 0242O433 

1 2 1 2 

+ 02320344 + 03420234 — O342O243 + 2*^234 + 2*^243 ~ 0243 0234- 

The scalar curvature of g can be obtained by putting Y = into Q. We are 
concerned with their difference: 

^i9dT) - -^a) = -Y" - Y' (3oi22 + 2oi33 + 20144) -Y-h (10) 

where 

— =-(0243 ~ 0234)^ + ^^(Oijj^i + O^jj) + 0^34 + O122O133 + O122O144 + O133O144 

i=2 

+ ^{^(^231 + «24l) - 2(^ + 2)(0213 0231 + a214024l) + (Y + 4){al^^ + O^^J} 

X 22 1 2 

~(y _l_ ^ ) {0233,2 + 0244,2 + O233 + O244 + 0233O244 + ^(0243 + O234) }• 

Due to the estimate of Lemma IH we can prove that the above almost 
Kahler deformation diffuses the scalar curvature, analogously to f2 Propo- 
sition 2.1] 

Lemma 6 Suppose that an almost Kahler metric g on a domain Q in M.^ 
satisfies \\g — go\\c^ (b%{p)) ^ ^3 < 1- ^or each a,b,e,c > such that 
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9>c>6 + e>6>a>0, consider the orthonormal co-frame Ui as in ^ 
and define g^J^^f on B^Q4,{p) as in There are constants 7 = 7(0,6,0) > 
such that for 0? > 7, s G [0,1] the following statements hold: 

(ii) s{g'j:f) - s{g) < on S^^^^b) \ BUp), 

(iii) - <-s-e-^ on B'i_^{p) \ B^^_^{p), 



Proof, (i) is clear from the definition. To show (ii) and (iii), one needs to 
consider terms in the right hand side of (fTUI) . From the assumption on g and 
Lemma m we have \aijk\ < and |aijfc,/| < Note that < Y{rg) < 1 for 
< s < 1 and on _B^p4(p), for any d > 0. So we have < ^ for a constant 
u. By some computation (J^ Lemma 1.2 (i)]), there is do{b) > such that 
for d > do{b), ff) > on (0,6] for A; = 0,1,2,3. We assert that there is 
do{a, 6, c) > do{b) such that for d > do{a, 6, c) and every s > the following 
two inequalities hold: 

fls - f'd,s-^^ - fd,s ■ ^ 0' (0' 



(c-t) 



fd,s - f'drs-^^ - fd,s ■ (^737)2 > ^ ■ e on (a, 6], 

where ci is a constant such that 1 80122 + 2ai33 + 20144! < — . The proof of 

^9 

this assertion is similar to that of Lemma 1.2 (ii) in ^21; so we omit it. 
Then we get on B^{p) \ B^_^{p), where /i^(c — r^) = 1, 



Y" + F'(3ai22+2ai33 + 20144) + Y ■ I 



>fd,sic - rg) - fi,{c -rg)^- fd,s{c - rg) ■ 



-flsit)-fdAi)^.-hs{t) 



c-t {c-tf 



where we set t = c — rg. From above assertion we get (ii) and (iii). After all, 
we set 7 = max{l, (io(a, 6, c)}. I 
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5 Almost-Kahler island metrics on 

In this section wc describe almost Kahler island metrics on M^. We consider 
a metric on M"^ of the form 

~9 = fV + ^de' + h'dp' + (-da\ (11) 

where {r,9),{p,a) are the polar coordinates for each summand of := 
X respectively and /, h are smooth positive functions on M^, which are 
functions of r and p only. Let d = j^, 63 = f ^, eg = 64 = 

A smooth almost complex structure Jg is defined by Jg{ei) = 62, Jg{e2) = 
—ei,Jg{es) — 64,7^(64) = —63. With the standard symplectic structure to 
on the triple {g,u,Jg) is an almost-Kahler structure on R^. Let a;^ be 
the dual co-frame field of Cj. Compute the connection 1-forms ujij w.r.t. Ui'. 
duji = X]j=i'^«i ^ ^i) with Uij = —Uji] one may compute 2aijk = {duJk,uJi A 
~ ('^^i; '^j/\<^k)g - {dojji'^k^^ilg, whcrc cujj = ciijkUJk. And use the 

formula du>ij — coik A a;fcj = '^j^^i Rijki'^k A a;;. Some Riemannian curvature 
components of g are computed; 



-K1212 — T^T -r 



P 



T-) fpp fp^p I ^rr frhr 

-"-1313 — -^rr^ ;rr-^ + 



//i3 J2;^ y3/^' 

^ /^rr hrfrh + 2fhl fp fphp 

1414- ^^2+ J3/,2 ^p//l2 //i3' 

^ hr ^ hrfr fp ^ fphp 

rf^h f^h pfh? fh 
^ _ 3hp hpp , 3/^2 hi 

^3434 — r-T nr 



3 



ph^ pK"' 



„ _ fpp , fp{'^fph + fhp) hr frhr 

-"'2323 — 77-^ "I T^rr^ r 



^2 /2/i3 ^J2/^ J3/^' 

where fr — frr = etc.. The scalar curvature is then as follows; 
s,--{{f-\r + -{f-\ + {h-')pp + -{h-')p}- ' 



r'-' " ' p' h^p h^p 
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Setting F — f ^ and H — h ^, we shall find F and H which satisfy 

Frr + -Fr + H pp + -Hp = 0. (12) 

r p 

Set Frr + jFr = a{r)j3{p) where a, {3 are smooth functions on M which satisfy 
at least that 

a{r) — for r < 0, r > 1, 
I3{p) = for p < 0, p > 1. 

These two functions a and /3 will be specified more below. 

Since {r^Fr)r = r^Frr+Sr'^Fr = r^a{r)/3{p), we do integration with proper 
boundary conditions on F to get 

F{r,p)^P{p) / (— / x^a{x)dx)dy + l. 

Jo y Jo 

We now specify the function a as follows; first consider a smooth function 
p{y) on M such that 

a)p{y)^0 for y<0,y>l, 
h) 1^1 «1, fory>0 

c) H'-fdy^Q, 

d) 0< J^sMdyKl for any r with < r < 1 

and then define a{y) — Here we may choose one such function p so 

that the derivative a' of a is zero at exactly three points in the open interval 
(0, 1) as in Fig.l. 

0.2 -- 




-0.2- - 



Fig.l. The graph of a. 
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Similarly we set 



y 



H(r,p) = -a(r) x'^ /3(x) dx) dy + 1, 

Jo Jo 

where /3{y) = and the function k{y) is a smooth function on M satisfying 
a) — d). We may choose k similarly to p (or equally if one prefers) so that 
the derivative (3 oi 13 is zero at three points in (0, 1). Hence the graph of (3 
is similar to that of a. 

Then the functions F(r, p) and H{r, p) satisfy the equation ()12p and 

F, H = 1 for r < 0, r > 1 or p < 0, p > 1, 
F, H > for < r < 1 and < p < 1. 

In particular, the metric g is smooth on M^. For such functions F and H, we 
have 

s, = - ^2(^'(py{[(^, I' ^'«(^) dx) dyV 

F rp ry 

ra'W{ / (4 / x''(3{x)dx)dyy. 



2H^ ' ' 7o Jo 

From the choices of a and (3 , the derivatives d (r) and (p) are zero at three 
points ri, r2, rs and pi, p2, pz, respectively. It is now simple to check 

{0 if r = 0, r > 1, p = or p > 1, 

at (ri,pj), i,j = 1,2,3, (13) 

negative if r, p G (0, 1) with r 7^ ri or p 7^ pj. 

Now g is an island metric and as such one may directly apply the main 
deformation of section 7 later, but to make our presentation clear we modify 
g a little here. First, by choice of ingredient functions a and (3, we can 
assume that g satisfies ||^ — gQ\\(j2K+A^^^i-^ < ^, where g^ is the Euclidean 



metric dr'^ + r'^dO'^ + dp^ + p^da'^. 

We shall apply the deformation of section 4 to g. Choose a point p in 

M"^ such that r{j)) = p{j>) = Then s{g) is negative on B%^{p) by (jD). 

100 

In applying Lemma |5l and Lemma |ol we let c = 1, a = 0.01, b = 1 ~ ^ 

11- 1 

and e = i.e. we consider the metric S'rf ^ ' ' defined in terms of the 
^-orthonormal co- frame uji as defined in ^ with Ui = drg and rg{x) = 
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distg{p,x). By Lemma IHl for d = do = 7(0.01, 1 — 1) and s G [0, 1] we 

^^^^ 1-^ ^ 1 

(i) =gonB'r^{p), 

300 

(ii) s{g]~^'^''^) - s{g) < on \ Bi^{p), 

' 200 

(iii) s(^^;^'^'') - s{~g) < -s ■ e-t on \ Bi^{p). 

' 200 

From Lemma El (i) we have Sq with 1 > Sq > such that for d = do = 
7(0.01, 1 - 1), = Sq^ we have 

KC?'^'') < 0' on Bi^(P) and, (14) 

" 150 



200'600'^ _ nil o ^ — (^^^ 

\\9do,so 9\\cl^+^{m) < g ■ U^j 

We shall denote by g the metric g^^ 200 'soo' _ As < ri < 1, from above 
we deduce the following proposition; 

Proposition 2 With the standard symplectic structure on there exists a 
compatible almost-Kdhler metric g^ of non-positive scalar curvature on 
which has the scalar curvature negative on the ball {x\ \x\ < 0.9} and is 
Euclidean on {x\ \x\ > 1.5}. Furthermore, it satisfies 

11^" - fo|lc2«+2(R4) < ^. (16) 

We remark that the metric in (jll|) was first exhibited in [0]. Its scalar 
curvature, however, was not well presented, which should be as in above 
(fT^ . So for completeness sake we rewrite it and apply the scalar-curvature 
diffusion, rather than supplying extra to the argument of that paper. 



6 Almost Kahler Surgery 

Given a compact almost Kahler manifold (M, g,uj, J) of real dimension 4, for 
each point p E M there exists an open neighborhood Vp in which there exists 
a coordinate system where u has the standard form. Henceforth we shall 
call such a one a Darboux coordinate system. We choose an open coordinate 
ball of finite radius Up such that Up d Up C Vp, where Up is the compact 
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closure of Up in M. These Up^s form a covering of M and there is a finite 
subcovering {f/p„}a, which we denote by 21. We shall work with this (fixed) 
atlas. Denote the Lebesgue number of 21 with respect to g hj a := (Tg^%. 

Then, near each point p in M there is a Darboux coordinate system yi in 
21 so that 00 = X]i=i dy2i-i A dy2i on B^^^{p). Then g can be written a.s g = 

J2i,j=i 9ijdyi ® dyj. Consider the Euclidean metric gp = YH,j=i 9ij{y{p))dyi ® 
dyj on B^^^{p), i.e. we extend g\p, the restriction of g at p, onto B^^^{p) with 
constant coefficients. Because y^ are Darboux coordinates, gp is cj-almost 
Kahler with corresponding almost complex structure Jp, the extension of J\p 
onto B^^^{p) with constant coefficients. Note that the deffnition of gp depends 
on the choice of a Darboux coordinates system near p in 2t. However, there 
are only a ffnite number of coordinate systems in 21, deffned with the above 
property. Due to this aspect the following approximation Lemma holds, 
which provides the technical basis for subsequent Lemmas. 

Lemma 7 The following two statements hold. 

(i) For any s < 10~^, there is m*^°^ > ^ > with m^^^ = m^^^e) such 

that for any m > m^^\ H'm^'^g — rri^ gp\\(j2K+2 < £ on -B^/ ^^(p) as well as on 

nfigp 

2 

B^q/^ (p) , where p is any point of M. 

(n) For any s < 10~^, there is m^^^ > ^ > with m^-^^ = m^^^e) such 
that for any m > m^^\ ||"^^fi'g — m^gp\\ ^2,^+2 < £ on B"l^/ -^{p) as well as on 

B'Iqa^ ip) , where p is any point of M and q e -B^^q4 (p) . 



Proof. Note that in the statement (ii) rn^gg is deffned on B^/^^{p) because 

with m> rri^gq is deffned on B'^-^^4^[q). 

Let Cj, i = 1,2,3,4 be a parallel orthonormal frame ffeld of gp. Then 
Ci — Yl'^=i '^ij'i^i where aij are constants and yj is any Darboux coordinates 
used to deffne gp. By deffnition, in order to estimate ^m^g — m^gp^^o on 

5i^4+i(p), we consider | m^g{^ei, ^Cj) -m^gpi^a, ^ej) \ = \ T.s,t^isajt{9st- 

9pst) I oil B'iio*+i)/miP)- 

Note that maxjj \aij\ is determined by the continuous functions ggt — 
g{-^, ^) deffned on a coordinate ball Up^ of ffnite radius (there are only 
a ffnite number of such balls in 21) and choice of an orthonormal frame. So 
there is a bound M, i.e. \aij\ < M. For the same reason, for any e > 
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there is m^^^ such that | Y.s,t(^isajt{gst- gpj \< Y.s,ti.9st- gpj \ < e on 
^{iO'i+i)/m(p) ^ m^^\ The C'^-case {k > 1) can be done similarly. This 

proves (i) on 5™4^^(j9). 

Next, we claim that B^^f^{p) C B'^^J^^^ij)); consider the m^f^p-geodesic 
l{t) with /(O) = p and \l'{t)\m'ig^ = 1. Let ti be the first value of t such that 

2 

l{t) lies in the boundary of B^J'^-^{p). Then 

+ ^ \H^)\m2gpds < Vl + £tl- 

Jo Jo 

As lO'* < this proves B'^/''(p) C S]^4^-^(p), and finishes the proof of 

(i). 

The proof of (ii) is similar, but note that Qp and Qq may use differ- 
ent Darboux coordinates, say i/i and Zi, respectively. We may write g = 
Y.i,j9ijdyi ® di/j = J2k,i^kidzk ® dzi, where gij = J2k,i^ki^§^- For the 
C°-norm \\m'^gg — m'^gpH^o , it suffices to show that for m large 

I is small on 5['^o4+i)/^(p) for q E Bl^^,^^{p). This can be 
done by a similar argument to (i). The C'^-case (A; > 1) can be done similarly. 
I 



For the given almost Kahler metric g on M, by Lemma [3 and Lemma El if 
m > m*^°)(Ai), the injectivity radius injj^2g > 200 and the sectional curvature 

We recall the Besicovitch covering Lemma^ Assuming m > mo-m^^\Xi), 
we shall explain a surgery replacing neighborhoods of p E A = A(m) in the 
almost Kahler manifold {M,m'^g,m'^uj, J) with copies of the metrics g~ of 

Proposition H Let Bi := {z E A\Bf'^{z) E B^}. Then A := U^L^Si. 

At each point p E A, there is a Darboux coordinate system j/j in 21 

2 

such that on 5™4^(p), rn^cj = m^Y..dy2i-i A dy2i, m^g = Y^-m^ gijdyidyK 
And m?gp = 'Ylii''^'^gij{p)dyidyj is a Euclidean metric compatible with rn?uj 
and the corresponding almost complex structure Jp. Now choose a gp- 
parallel orthonormal frame field, ei, 62 = JpCi, 63, 64 = J^ea. There 
exists a coordinate system such that = 7^. In this coordinate Zj, 
m^a; = c?^2i-i A (i2;2i and m^t^p = m^dzi ® dzi. Recall the metric g~ 

of Proposition 121 on M'* = {a; = (xi, X2, 0:3, X4)}. Consider a diffeomorphism 



Almost Kahler metrics with negative scalar curvature 



17 



(f> = 4>p ■ {z\ \z\ < — } — > {x\ \x\ < W^} defined hy z mz. Then from the 
definition of g~ we note that (f)*g~ = rn^gp outside {z\\z\ < ^}. 



m 

2r 



From (0), we may express m^g = {(f)* g~) ■ on B^/{p) for a unique 
smooth symmetric J,^*^- -anti-invariant tensor h because m'^g and (p*g~ are 
both m^w-compatible. Let ri{r) be a smooth cutoff function in C°°(M-^'^, [0, 1]) 
s.t. 7] = for < r < 1.7 and 77 = 1 on the set r > 1.8. 

For m > mo ■ m''°^(Ai) we define a metric on M; 



9a 



(^*g-)e^(^^-.y\ onUpeAB^^(p), 
m'^g, elsewhere. 



So we have embedded copies of the metric g into (M, m'^g, m'^u, J) near 
each p & A. 

2 2 

Note that from Lemma[7|(i) and formula (0)) we have B^^^^ij)) C B^^^{p). 



7 Main Deformation 

Now we apply the scalar curvature diffusion of section 4, i.e. we deform gA 
so that we decrease the scalar curvature away from neighborhoods of p G A, 
and absorb the counter effect (scalar curvature increase) in neighborhoods of 
p where the scalar curvature of gA is negative. 

Using the Besicovitch covering i3i , ■ ■ ■ , we shall define a;-almost Kahler 
metrics g{i) on M inductively on z = 0, 1, 2, ■ ■ ■ ,k. 

Observe that from (jl6j) we have that for m > m^ ■ mS^\\i), 

II - rn^9q\\c^-+^ on S^/'(g), for any q e A. (17) 

We set (7(0) = gA- We use often the following Lemma of base-metric change, 
whose proof is elementary. 

Lemma 8 Let gi, g2 be two Euclidean metrics on a domain Q in such 
that B = B^^Q4{p) C S C For any 6 > there exists e^^^ = e^^\5) such that 
^f\\9i-92\\cl^(B) <e^^\ then WvWc'g^io) < + ^)\\v\\c'g^{o) for any symmetric 
(2,0)-tensor field r] and any integer / with 2 < / < 2k + 2, where O is any 
open subset of B. 
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Now we shall make estimates on g{0). Recall that on the region B^^^{q) \ 

2 

B^-j^{q) the metric m^g and the Euclidean metric = rn^gq are connected 
by a cutoff function. As m^g rn^gq when m oo, the next Lemma should 
be natural. 

Lemma 9 There exists rho with rho > mo ■ m^^\Xi) such that for m > ifiQ, 
\\g{Q) - m^gq\\(j2n+2 < ^ on B'l'^^iq) \ for each q e A. 

Proof. On Ug = B'^l^{q) \ B'^^^{q), we define in m'^g = {m^gg)e^-^. 
Then setting m = 1, hi is defined hj g = ggC^^ . One easily sees from 
definition ([H) that {m.'^gg)~^hm = {gq)~^hi and ^ = hi. Note that in general 
{rn?'g)e'^ ^ m^{ge^). 

If {ci] is a (7g-parallel orthonormal frame field, then {^} is an m^gg- 
parallel orthonormal frame field. On Ug = B{^(q) \ Blj_{q), we have 

m m 

"^^^(m' m) = i^^9q)e''"'i^, ^) = c/g(ei, e^^^'^"''^! (cj)) approach % as m ^ oo 
uniformly, i.e. independently of point q and the coordinates chosen to define 
gq. Or, simply it is Lemma [7| (i). Clearly gg — > g\q and {gg)~^hi — > 
uniformly. 

Then, as^(0)(f , ^) = {m'g^)e^(^^-.y^-{lL^ |) = g^(ei, e^('^.^^.)fe'')"'^^(ej)), 
so g{0) approaches m^ggC^ = m^gg in the norm || ■ ||(^o . The proof of con- 

m^gq 

vergence in || ■ ||(;;2k+2 is similar and straightforward. I 

•m^gq 

The next Lemma is essential in the construction of the metrics g{i)^s; 

Lemma 10 There exists nii with mi > ttiq such that for m > mi, \\g{0) — 
m'^gp\\(^2K+2 < ^ on for each p G A. 

Proof. Fix p e A. OnVi = 5™>(p) \ Uq^ABfs'iq), g{0) = m^g. By 
Lemma[7|(i), if m > m^^\^-) then \g{^) — m^gp'^^2K+2,y^ < 

m'^gp 

2 2 

On B^Qi^{p) n B^j^{q) with q E A, g{0) = 0**7", so we have the estimate 

2 2 

fll7|) if m > mo ■ m^'^\Xi). In the transition region fl [i?^g^(g) \ 

2 2 

i?™y^(g)], g G A, Lemmainican be applied if m > mo- So, on Wq = B^/''{p)n 

2 

^Ts^il) f*^^ g G A we estimated g{0) — m^gg in terms of m^gg. 
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Now it remains to estimate 5^(0) — m'^gp on Wq with respect to m^gp. 
Applying Lemma [3 (ii) and Lemma |H1 (with gi = m^gp and g2 = m'^gg); if 
m > m«(e(o)(i)); 

m-^ gp ^ ^ ' m'^gp ^ m-^ gp ^ 

< llk(O) - 9q\\c^-+\w,) + \W9q - 9p\\c^-+\w,) 
By Lemma[7|(ii), \\m^gq - m'^gp\\(j2n+2,^ , < ^ if > 

From (fT7j) and Lemma IHl for m > mi = maxjmo, m^^\e^^\^)), "^^^H^)} 
we have 

II rn\ 2 II ^ 3 A3 A3 A3 

11,(0) - m ^ 2 ■ T + 10^ < y 

We proved that \\g{0)—m'^gp\\ 2^+2, rn^ap ^ ^ ^ach p G Aiim > mi. I 

'^m2gj^(^l„4 (P)) 

Suppose that for m > mi, g{j) is defined when j = 0, ■ ■ ■ ,i — 1 and 
satisfies the hypothesis 



hU) - m'gpW , 2, < {i + -^}A3 for p e A. (19) 



LemmalTUlcorresponds to the case j = 0. We note that in ()19p C^''^^~^-'-norm 
is used because in defining ,(1), ■ ■ ■ , g^n) successively we lose two derivatives 
at each step in applying Proposition and Lemma El as we shall see in the 
proof of the next lemma. 

Now, by Proposition [T] on each Bfl^ ^\p) for p G Bi, the g{i — 1)- 
orthonormal co-frame field a;i, a;2, Ws, a;4 of (0) is defined. We set as in (jH)); 

1 

(1 + /ie ■ - rf<;(j_i)(p,a;))) 

+ (1 + /l^ ■ /d,s(9 - dg[i_i){p, X))) ■UJ2(S)UJ2 +UJ3 (g) Us + UJ4 (g) Ua. 

(20) 

with b = 8.5, a = 1, e = 0.1, c = 9. With this done on Up(zBiBfQQ~^\p), g{i) is 
smooth and u;-almost Kahler on M because Bg^^ ^\p)^s, p & Bi are disjoint 
by Lemma H(ii), Lemma [7|(i), the formula (jU and (fTI?|) . 
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Lemma 11 There exists d, independent of i, such that for d > d, s E {0, 1] 
and m > mi, the metric g{i) satisfies the hypothesis (fTII|l . i.e. (fTTIjl holds 
when j = i. 

Proof. Consider p e A and let z G B'^/'ip). Set V, = B'^^/^'ip) f] B'f'^^z). 

Note that K = n (U^^^ U.^b, BT^'{q)) = U«^^i{y, H (U,eB,5i"S'^(g))}. 
5f(z) = g{i - 1) away from VJq(,B,Bl^''~^\q) C UggB^S]^ ^(g). So, we get 

2 

be the set of g's in such that Vz fl 5^ ^(g) ^ 0. For q E Q, from Lemma 
IHland Lemma [Zl(ii), if m > mW(£(°)(i)), 

3 

And from the hypothesis (fTU|) for j = i — 1 and Lemma El (ii), there exists 
^= sothatif > rfands G (0,1], ||^(z)-5((z-l) ||^2«+2-2z,^9(»-i)( < 

2A3 

Combining above, we have 

Ui) - 9{^ - l)llc---(v.n(u,,..Bro^«(.))) ^^^^ 
<sup ||,(.) - - l)ll^2..2-.(^.2.(^, A-Wn = WK 



Finally, ||^(i) - m2^p||^2.+2-2..^ , 

m^gp 

< llf W - - l)llcn+'-''(V'.) + ll£'(^ - 1) - rn^9p\\c^-+^-^uv,) 

m^gp rn^gp 

M rl i — . /I ^N> 
<— + {- + IA3 = - + A3. 

- 10k ^2 10k ^ ^2 10k 
So we proved (fTTHl for j = z and this proves the lemma. I 

From Lemma ITTl all the metrics g{0), g{l),--- ,g{K) can be defined. The 
parameters d and s are being used in defining each metric g{i), i = 1, ■ ■ ■ , k. 
But we shall use the same values of d, s independently of i. Now we can 
prove; 
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Proposition 3 There are m2 with m2 > mi and di,si > such that for 
each d > di, s^^ > s^'^ there exists an m > m2 with m = m{d, s) such that 
s{g{K)) < —ci for a constant ci = Ci{d, s) > 0. 

Proof. For S > 0, there is an m^"^^ > mi with m*^^-* = m^'^\S) and 

sup I s(m^ ■ g)\ < S and - - 6 < s{g{0)) < 5, (22) 

M 

for m > m*^^-* and /i := — min{s(g~)} > 0. Here, for the second inequality one 
use the argument of Lemma 13 i.e. 5^(0) approaches m'^Qg on the transition 
region B^g^{q) \ B^'j^{q) as m becomes large. 

We consider m > mi. Recall from Proposition |21 that slg") < on 
|x| < 0.9}. So from Lemma ITTl Lemma El (i) and Lemma ini(ii) we have 
Jo with do > max{d, 7(1, 8.5, 9)} and Sq with 1 > Sq > such that if we 
use d, s with d > do, > Sq ^ in defining each metric g{i), we have 

s{g{K)) < -(3 on Bf,'{p), peA (23) 

where /? > is a constant. 

By Lemma ini for d> do and s^^ > Sq^, 



on M\Up^B,+^B'8 [P)- 



Note that the balls Bg^^\p), p G Sj+i are disjoint as m > mi from 
Lemma ^ii). Lemma [7|(i), Lemma ITTl and the formula (jH). Now the rest of 
proof is almost the same as that in jT21 proposition 4.5]. We produce it for 
completeness sake. 

__ ____ 2 

By Lemma [7|(i), Lemma ITD and the formula ^ again, we have B^ ^{p) \ 
Bokip) C Bf{p) \ B^^ip) for p E B^^\ 

Therefore on M \ Upe^-Bae^W ^ ^p^aB^^ \p) \ B^^^p), by adding in- 
equalities (j21|), i = 0, ■ ■ ■ , K — 1, we get s{g{K,)) — s{g{0)) < —s ■ e~'^. From 
we have 



s{g{H)) K-s-e-^ + d on M \ VJ.^aB'^/ {p), 

for any (5 > 0, m > m^'^\6) and d > do,s~^ > s^^. Note that do,SQ are 
independent of 5. Choose 6 = Then from we obtain on M, 

s{g{K)) < -min{^,/5}. 
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Hence we will choose di = do, si = sq, m2 = m^'^\5o) with 5o = ^"''^^ ° 
and find that for each d > di, s^^ > s^^ there is an m > m2 with 

s ■ e"'^ 

s{g{n)) < -Ci for ci = min{ — - — 

I 

We now have an almost Kahler structure {g{K),m'^uj) of negative scalar cur- 
vature. The re-scaled metric is w-compatible with negative scalar curva- 
ture. Theorem n] is now proved. 

Remark 1 Note that a Kahler version of the main theorem cannot hold. 
Indeed, we have the well known formula J^^ s{g) dvolg = 47rci( J) • [uj], where 
ci( J) is the first Chern class of a compact Kahler surface (M, g,u>, J) and [u] 
is the cohomology class of u. So, on the complex projective plane CP2 or a 
Hirzebruch surface F, a negative-scalar-curved Kahler metric does not exist, 
whereas negative-scalar-curved almost Kahler metrics exist on them by our 
main theorem. 

Remark 2 In this article we only worked on the 4-dimensional case. And 
we wish to study the higher dimensional case in a forthcoming paper. It is 
interesting to pursue any implication of this result to symplectic topology. 

Remark 3 From the nature of the scalar-curvature deformation argument 
of section 4, one may speculate that if there is a scalar-island metric in some 
category of metrics, then one may prove the existence of negative scalar 
curvature in the category. For instance one may study Hermitian metrics or 
contact metrics etc.. 

Remark 4 It is interesting to know if every closed symplectic manifold of 
dimension four admits a compatible almost Kahler metric of negative Ricci 
curvature or if the space of almost Kahler metrics with negative scalar cur- 
vature is contractible, as in jTHj. 

Appendix 

In this appendix we show the proof of Proposition Q and supply details 
for the scalar curvature formula Q. 
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By Lemmaini if we assume \\g — go\\c^ (^^(p)) — then g has injg(p) > 
200. Let B denote the set {v G TpW^ \ \v\g\p < 100}, where g\p is the 
restriction of g to TpM^. Then the ^f-exponential map at p, exp^ : B 
-^100 (p) *^ has a smooth inverse (exp^)"^. If we identify TpR'^ with via 
the the map i : TpR'^ — >• M^, iC^iVi-£r\p) = (vi, - ■ ■ ,^4), then we can view 
expp as a map from a domain in to M"^. For such a map we shall use 
the norm || ■ \\ck in the next lemma. 

Lemma 12 There exists X^'^^ with X^^^ < Xi and a positive constant C^'^^ 
such that if \\g — goWc^ {B%(p)) < ^ '^^^^ f'^f^ A < I < 2n + A, then ||expp — 

(Id + p) ||c'-i(i(B)) < ■ A and ||(expp)-i - (Id-p) < ■ A. 

Here, Id + p is the map (Id + p){x) = x + p, and likewise for Id — p. 



Proof. To deal with the geodesic equation of the metric g = gijdxi ® 

dxj, i.e. Xk = —J2t j=i^iji^i^))^i^j^ where T^j is the Christoffel symbol of 
g, we consider the equivalent first order differential system: 

( Xk =yk .251 

with the initial condition a;(0) = p and y{0) = v. Denote its solution curve 
by {x{t,v),y{t,v)) = {xi{t,v), ■ ■ ■ , X4{t,v),yi{t,v), ■ ■ ■ ,yi{t,v)). 

Suppose that \\g — g^Wci < £^ < Ai < 10~^ with 4 < / < 2k + 4. 



Then, we have \gij — 5ij\ < e, — — | < e for r = 1,2,--- ,/. For 
rf, = iE:=i^/^'=(tf + t7-fe),wehav;for. = 0,l,---,Z-l, 

' I < (.^^^ with a positive constant Ci. (26) 



In this appendix we shall use Cj, z = 1, 2, ■ ■ ■ to denote positive constants. 

Since we study exp^ on S, it is enough to consider v with |t>| := \v\g^^ < 
101. And as expp(f) = ^(1,^;), we only need to consider t with < t < 1 
when dealing with the solutions of (j25|) . We write for convenience expp(v) = 
/(^) = (/i(^)r ■ ■ , fA{v)) and exp-i(x) = h{x) = (/ii(x), ■ ■ ■ , hi{x)). 



Setting Y{t) = \y{t)\ = \/J2Liiyiit)y, we get |r| < C2e from ((2 

{1-C2et\v\y^ 



_____ I 1 2 

Integrating it, we deduce from (pSjl \yk\ < C2£Y'^ < n^l^^^i^iyi < c^e, for 
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small e. So we get 

\y{t, v) — v\ < c^e, \x{t, v) — p — vt\ < c^e 

\.f{v) -p-v\<Cie, \h{x) - {x - p)\ < c^e. (27) 

where the last inequality is deduced from the others and h o f{v) = v. 

Now, the solution x{t, v) and y{t, v) of (^3]) are well known to be C°° 
functions of both variables t and v. Let pk and Vk be the k-th component of 
p and V, respectively. From (j^HI) we get for any n with 1 < n < / — 1, 



dvi-^---dvi^ Jo dvi-^---dvi„ 



(28) 

where L„ consists of terms involving partial derivatives of x and y of order 
lower than n only. Note that Li = 0. We shall prove the following for 
\v\ < 101, < t < 1 when < m < ^ - 1; 

^d'^iVk-Vk) , . . . .d'^ixk-pk-Vkt) 

\— — I < constant ■ e, | 1 < constant ■ e. (29) 

dvi, ■ ■ ■ dvi^ dvi, ■ ■ ■ dvi^ 

We will do this by induction on m > 0; The case m = holds by ()27|) . 
Suppose that p9|) holds for m = n — 1 < / — 2, for some integer n>l. Then 
I Lnds\ < CqE from induction hypothesis. From the first equation in pHjl . 
|^;|;^(t,t;)| < sup,,[o,t] la;;fi-(5,^)|, as < t < 1. So, using (EZD, from 
the second equation in (PHjl we deduce; 



a"(?/fc-ffc) M ^ I 9"yk , , . 



From this, for small e we easily derive ()29|) when m = n. Then, for any 
< m < / - 1, 



dvi^ ■ ■ ■ dvi^ dxj^ ■■■dx 



Jm 



where the second inequality is deduced from the first, using (differentiation 
of) h o /(t;) = V. We let A'-^-* to be a small e value which makes all above 
arguments hold. Choice of C^^^ should be obvious. This proves the lemma. 
I 
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Lemma 13 There exist A^^-* with A^^-* < Ai and a positive constant C^^^ such 
that if \\g - goWc' < A < A^^^ on B^^^^p) C W, where A < I < 2k + A, then 
for J = 0,1,- ■■ ,f- 2, 

II (V^o)^dr, - {V^^ydr,, Wco^ < on EfM - {p}. (32) 

Proof. We choose A*^^^ to be A'-^-' of LemmalT^ We have rg{x) =\ expp^(x)\g^^ - 



Yltj=i9ijiP) hi{x)hj{x) for x with rg{x) < 200. We shall prove (j!?^ by in- 
duction on j. The case j = can be checked easily by applying (jSH). Suppose 
that (j32p holds for j = 0,---,z — 1</ — 3. For the rest of this proof we write 
d'^f to denote a k-th order partial derivative of a function / in x coordinates, 
by an abuse of terminology. Then we may write for n = g or go 

i 

d'+\rl) - 2r,id'+\) = J2ak{d%W^'~\) (33) 

fc=i 

where a^'s are natural numbers. Here 9*"'"^ in the LHS is a specific partial 

derivative, e.g. tt^ — but the index k in the RHS should be understood 

as a multi-index. We have 



_.m, a-+Hr/) d^-^'K,) _J^a,^d%,d^^'-'^rg, d%d^^'-' 



2rg 2rgg 2 rg^ rg 

(34) 

Using for n = go and d^'^^r'^^ = for z > 2, one can derive, by induction; 

I^^+Vgj < ^ for i = 0, 1, 2. (35) 

t-i Ofc — — — 

I < We need to show |g:lM2 _ ^'^'("'o) | < ^onstant-A ^ q^^ 

^9 '"so ^9 ^90 ^ao ^ ^ 

check easily from that = J2tj=i9ij(p) hi{x)hj{x) satisfies |^^^ — 
fl<)l| < aaA^ Yoi i > 2, |9*+i(r2)| < C13A from (jSH). As S^+H^go) = 0' 
have 1^^ - ^'°' \ = |^JV| < siaA < £mA on Sfnn(p) - {pl- In sum, 
from we get - < This proves (jS2I) for some C^^) 



Almost Kahler metrics with negative scalar curvature 



26 



when 0<j<l — 2<2k + 2 and the Lemma. I 

Proof of Proposition[2 In Lemma IT^ we aheady proved the inequahty © 
for Ui- From the hypothesis on g we have — </o||c" ^ so the proposition 
holds for U2 = JgU)i- With these results for uji and uj2, by choosing A2 small 
enough, the denominator of uo^ is never zero on BIqq{p) — {p}. It is now a 
straightforward computation to show (jHI) for uo^ and u^^. This finishes the 
proof of Proposition 

Now we shall derive the formula Q in section 4. For the metric g = 
^t=i ® section 4 we write dui = ujij A ujj with Uij = —oJji and 

similarly for ^ := 5'^'^''^, duji = ^ with ioij = —ujji. We set uJij = 

Y.k'^ijkUJk and UJij = Y^k^iJ^i^k- Then, 

diOi = '^{cLikj - aijk)ujj A iOk and dui = '^{hikj ~ dijk)ujj A Uk- (36) 

j<k j<k 

From dui = d{drg) = Y.j<ki^ikj - aijk)^j AuJk = 0, so a^k = aikj for 
any j,k. We let a(ro) = . ^ = . ^ so that uj\ = a(ro)u>i. 

Then dui = d{a{rg)drg) = 0, so dijk = aikj- Comparing the two equations in 
fjHHjl . one gets the following relations. Other ones can be derived from these, 
using aijk = -ajik and aijk = aikj. 

For i = 2,3, 4, dm =0, am = 0. 

For j = 3,4, a2j2 =o-2j2: djij = —ajij, dj2j = oiaj2j, 

a 

1,1, 1,1, 1,1, 1,1, 

a2ji = - ^)«2ij + + ^)^2ii, a2ij = -(1 + ^)a2ij + ^{l - 

a' 0212 ~ ~ _ 1 _ 1 

0^212 = ^ H , ^343 = 0,343, 0^434 = ^434, (^143 = — ^143) ^341 = —^341 

a a a 

0,342 = —{O243 — 0,234) + —(2(3342 + 0,234 — ^243); 

Za I 

0,234 = {0-234 — O243) + 77(0243 + O234), 

2a 2 

0243 = -^{0243 ~ O234) + 77(0243 + 0234)- 
2a 2 

We compute the curvature components Rijij of g'^'^j'^ from diJij—J2k ^ik^^kj = 
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Ylk<i ^ijki^k A LOi and the scalar curvatue. We set d{aijk) — X^s ^ijk,s^s- 

-R1212 =Si22,l + ^122 + ^123 + ^124 + 2 (01230321 + Si24542l), 

-R1313 =^^133,1 + ^^132 + ^133 + ^134 + 2(01320231 + 0.134^431)) 
-Rl414 =0144,1 + ^142 + 0^43 + 0^44 + 2(ai42024l + 0.1430-341)) 

-R2323 =0233,2 — 0232,3 + 0234(0432 — O423) + 0232 + O233 + O122O133 + O422O433 

~2 I ~ ~ 
~ "^123 + O243O432, 

i?2424 =0244,2 ~ 0242,4 + 0243(0342 — O324) + 0342 + O244 + O122O144 + O322O344 

— 0^24 + 0,2340342, 

-R3434 =0344,3 — 0343^4 + 0342(0243 ~ O234) + O343 + 0344 + 01330144 + 02330244 

~2 I ~ ~ 

— Oj^34 + O324O243, 

^ =-^2112 + -R3II3 + -R4II4 + -R3223 + -R4224 + -R4334 

4 4 
= — Oijj^l — alj^j + ^^(02i2,i — 0211,2) + 0343,4 — 0344,3 

1=2 2<i<j<4 i=3 

4 

+ O423O342 + 02340342 + O234O423 — _^(02i2 + '^2ii) ~ '^343 ~ '^344 

i=3 

4 

~ Oi220iii — 04220433 — 03220344 — 01330144 — 02330244 

1=3 

" / '\2 ' 1 4 

a [a] a r. \ 1 v^/ 2 \ 

= ^ - 3 -T- + ^(30i22 + 20i33 + 2O144) ^ > ^(Oiii,i + OijJ 

i=2 

A 

^ 11 11 

- Yl + — )«2H + (1 - — )02a}^ - — 0?34 

i=3 

+ ^(02i2,i — a^02M,2) + 0343,4 + 0434,3 + (2 ~ 4^-^^^^^^ ~ 0234)^ 



i=3 

2 

<^ I ^ ^2 \^('„2^2 I ^2 ^ 

343 



+ 0342(0234 - 0243) - ^(0243 + 0234)^ - Xl(«^02jj + 02^2) - of 

i=3 



4 . 
2 O122 -1- 2 
— O344 — > 5-aiii + O242O433 + O232O344 ^01330144 — « 0233 0244- 



i=3 
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Putting ^ = 1 + y, % = —\Y and % — 3-^^^ = —\Y into the above, we 
get the formula 0. 
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